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Introduction 

In this paper we deal with the problem of stability of unilateral minimality properties with 
varying volume and surface energies, and we give an application to the study of crack propagation 
in composite materials. 

Let if be a (N — l)-dimensional set contained in f2 C M. N , and let u be a possibly vector valued 
function on f2 whose discontinuities are contained in K and which is sufficiently regular outside 
K. We say that the pair (it, K) is a unilateral minimizer with respect to the energy densities / 
and g if 

(0.1) / f(x,Vu(x))dx+ I g(x,v)dH N ~ 1 (x) < [ f(x,Vv(x))dx+ f g{x,v)dH N ~ l {x). 
Jn\K Jk Ju\h Jh 

for every (iV — l)-dimensional set H containing K, and for every function v whose discontinuities 
are contained in H and which is sufficiently regular outside H. Here v stands for the normal vector 
to K and H at the point x, while Ti*" 1 stands for the (N — l)-dimensional Hausdorff measure. 
(u, K) is said to be unilateral minimizer because it is a minimum only among pairs (v, H) with H 
larger than K . 

The unilateral minimality property (|0.1f> is a key point in the theory of quasistatic crack evo- 
lution in elastic bodies proposed by Francfort and Marigo in |22) and which is inspired by the 
classical Griffith's criterion of crack propagation. In the framework of [22] , ^ represents an hyper- 
elastic body in the reference configuration, u is its deformation, and K represents a crack inside 
across which the deformation u may jump. The total energy of the configuration (u, K) is given 
by 

(0.2) £(u,K):= f f(x,Vu(x))dx+ I g{x,v)dH N - l {x). 

Jn\K Jk 

The first term is referred to as bulk energy of the body, while the second term is referred to as surface 
energy of the crack. The presence of x in / and g takes into account possible inhomogeneities, 
while the presence of the normal v in g takes into account a possible anisotropy of the body. 

Following [22], if is subject to a time dependent loading process, a quasistatic crack evolution 
can be described by a pair (u(t), K{t)) where the crack K(t) growths in time, (u(i), K{t)) satisfies 
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the unilateral minimality property (|0.1fl at each time t, and the total energy l|l).2[l evolves in 
relation with the power of external loads in such a way that no dissipation occurs. 

The unilateral minimality property (10. If) can be interpreted as a static equilibrium property 
along the irreversible process of crack growth. In fact an immediate consequence of <|0.1f) is that 
u(t) is the elastic deformation in fl \ K(t) associated to the external load. As for the crack K(t), 
(I0.1JI states a minimality condition only among enlarged cracks (unilateral minimality), taking 
thus into account the irreversibility of the process. Together with non dissipation, and under some 
regularity assumptions on the cracks, the unilateral minimality property implies that the Griffith's 
criterion is satisfied along the evolution (see |19|). 

In [22 Francfort and Marigo suggest that the quasistatic evolution (u(t),K(t)) during the 
loading process can be obtained as a limit of a discretized in time evolution (u n (t), K n (t)) which 
by construction satisfies at each time the unilateral minimality property . We are thus led to 
a problem of stability for unilateral minimizers, i.e. if the minimality property (|U.lfl is conserved 
in the passage from (u n (t), K n {t)) to (u(t),K(t)). 

The first mathematical result of stability for unilateral minimality properties was obtained 
by Dal Maso and Toader in a two dimensional setting under a topological restriction on 
the admissible cracks. They consider compact cracks with a bound on the number of connected 
components, and converging with respect to the Hausdorff metric. An extension of this result for 
unilateral minimality properties involving the symmetrized gradients of planar elasticity has been 
done by Chambolle in |16| , while an extension to higher order minimality properties in connection 
to quasistatic crack growth in a plate has been proved by Acanfora and Ponsiglione in pQ . 

A second result of stability for unilateral minimality properties was obtained by Francfort and 
Larsen in |21| . where they give an existence result for quasistatic crack evolutions in the context 
of SBV functions. In the framework of generalized antiplanar shear (i.e. ft C M. N , N > 2), 
the authors consider cracks K which are rectifiable sets in ft, and associated displacements u in 
SBV(Q) with jump set S(u) contained in K. A key point for their result is the stability for 
unilateral minimizers of the form (it„, S(u n )) with bulk energy given by f(x,£) = |£| 2 and surface 
energy given by g(x,v) = 1. More precisely, writing the minimality property in the equivalent 
form 



(which corresponds to 1)0.1(1 with H = 5(u„)U5(u)), they prove that if u n — v u weakly in SBV(il) 
(see Section ^ f° r a definition) , then u satisfies the same minimality property. The main tool 
for proving stability is a geometrical construction which they called Transfer of Jump Sets |211 
Theorem 2.1]. 

The case in which S(u n ) is replaced by a rectifiable set K n has been treated by Dal Maso, Franc- 
fort and Toader in ^2], where they consider also a Caratheodory bulk energy /(cc,£) quasiconvex 
and with p growth assumptions in £, and a Borel surface energy g(x,v) bounded and bounded 
away from zero. They employ a variational notion of convergence for rectifiable sets which they 
called <r p -convergence to recover a crack K in the limit (see Section [3J), and they prove a Transfer 
of Jump Sets theorem for (if n ) nS N satisfying 7i N ~ x (K n ) < C 18, Theorem 5.1] in order to prove 
that minimality is preserved. 

In this paper we provide a different approach to the problem of stability of unilateral minimizer 
based on T-convergence which will permit also to treat the case of varying bulk and surface energy 
densities /„ and g n . We restrict our analysis to the scalar case. Our approach is based on the 
observation that the problem has a variational character. In fact, considering for a while the case 
of fixed energy densities / and g with / convex in £, we have that if (u n ,K n ) is a unilateral 
minimizer for the energy (|0.2|l . then u n is a minimum for the functional 



Then the problem of stability of unilateral minimizers can be treated in the framework of T- 
convergence which ensures the convergence of minimizers. In Section using an abstract repre- 
sentation result by Bouchitte, Fonseca, Leoni and Mascarenhas (TJU, we prove that the T-limit (up 
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to a subsequence) of the functional £ n can be represented as 

£{v):= [ f(x,Vv{x))dx+ ( g-(x,v)dH N - l (x), 



where g~ is a suitable function defined on O x S 1 ^^ 1 determined only by g and (K n ) n ^, and such 
that g~ < g. If we assume that u n u weakly in SBV(Q), then by T-convergence we get that u 
is a minimizer for £. Suppose now that K is a rectifiable set in Q such that S(u) C K and 

(0.3) g~(x, v K {x)) = for W^-a.e. x e K. 

Then we have immediately that the pair (u, K) is a unilateral minimizer for / and g because for 
all pairs («, H) with S{v) C if and K C. H we have 

JV-l 



/(ar, Vu(x))cte = £(«)< = / /(x, Vv(x)) dec + / g~{x,v)dH 
n Jn Js{v) 



f(x, Vv(x))dx + / g (x,v) < / f(x,Vv(x)) dx + / g(x,v). 

' Q J S{v)\K Jn J H\K 

The rectifiable set if satisfying (|0.3(l is provided in Section where we define a new variational 
notion of convergence for rectifiable sets which we call a -convergence, and which departs from the 
notion of er p -convergence given in The cr-limit if of a sequence of rectifiable sets (if n )neN ls 
constructed looking for the T- limit Hr in the strong topology of L 1 (f2) of the functionals 



n-(u) 



n N ^ 1 (S(u) \ K n ) ueP{n), 

+oo otherwise, 



where -P(f2) is the space of piecewise constant function in fl (see JQJ)- Roughly, the cr-limit 
K is the maximal rectifiable set on which the density h~ representing TL~ vanishes. By the 
growth estimate on g it turns out that K is also the maximal rectifiable set on which the density 
g~ vanishes, so that K is the natural limit candidate for K n in order to preserve the unilateral 
minimality property. The definition of c- convergence involves only the surface energy densities 
Tl~ , and as a consequence it does not depend on the exponent p and it is stable with respect to 
infinitesimal perturbations in length (see Remark I5.9JI . Moreover it turns out that the cr-limit K 
contains the cr p -limit points of (K n ) ne jq, so that our T-convergence approach improves also the 
minimality property given by the previous approaches. 

Our method naturally extends to the case of varying bulk and surface energy densities /„ and 
g n , and this is indeed the main motivation for which we developed our T-convergence approach. 
The key point to recover effective energy densities / and g for the minimality property in the limit 
is a T-convergence result for functionals of the form 

(0.4) f f n (x,\7u n (x))dx+ f g n {x,v)dH N - x {x). 

Jn Js(u n ) 

In Section^ we prove that the r-limit has the form 

f{x,Vu{x))dx+ I g{x,v)dH N - 1 {x), 
n Js(u) 

where / is determined only by (/ n )ngN, and 5 is determined only by (<7n)neN> that is no interaction 
occurs between the bulk and the surface part of the functionals in the T-convergence process. A 
result of this type has been proved in the case of periodic homogenization (in the vectorial case, 
and with dependence on the trace of u in the surface part of the energy) by Braides, Defranceschi 
and Vitali [T2| . 

We notice that an approach to stability in the line of Dal Maso, Francfort and Toader in the case 
of varying energies would have required a Transfer of Jump Sets for f n ,g n and f,g, which seems 
difficult to be derived directly. Our T-convergence approach also provides this result (Proposition 

ma- 
in section |H1 we deal with the study of quasistatic crack evolution in composite materials. More 

precisely we study the asymptotic behavior of a quasistatic evolution t — ► (u n (t), K n {t)) relative 
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to the bulk energy /„ and the surface energy g n . Using our stability result we prove fTheorem l8.1fl 
that t — > (u n (t), K n (t)) converges to a quasistatic evolution t — > (u(t), K(t)) relative to the effective 
bulk and surface energy densities / and g. Moreover convergence for bulk and surface energies for 
all times holds. This analysis applies to the case of composite materials, i.e. materials obtained 
through a fine mixture of different phases. The model case is that of periodic homogenization, i.e. 
materials with total energy given by 

£ £ (u,K) :=J /(pVu(s)) dx + J g(^,v) dH N -\x), 

where e is a small parameter giving the size of the mixture, and /, g are periodic in x. Our 
result implies that a quasisistatic crack evolution t — > (u £ (t), K e (t)) for e small is very near to a 
quasistatic evolution for the homogeneous material having bulk and surface energy densities /hom 
and ghom, which are obtained from / and g through periodic homogenization formulas available 
in the literature (see for example \V2\). 

The paper is organized as follows. In Section ^ we make precise the functional setting of the 
problem. In Section [2] we prove a blow up result for T-limits which will be employed in the proof 
of the main results. In Section we prove some representation results which we use in Section 
21 where we deal with the T-convergence of free discontinuity problems like l|(J.4l) . The notion 
of CT-convergence for rectifiable sets is contained in Section |S] while the main result on stability 
for unilateral minimizers is contained in Section [5] In Section \7\ we prove a stability result for 
unilateral minimality properties with boundary conditions which will be employed in Section [S] for 
the study of quasistatic crack evolution in composite materials. 

1. The functional setting of the problem 

We introduce now the precise functional setting for the study of the unilateral minimality 
property HO.lj) . Throughout the paper we suppose that 57 is a bounded open subset of M. with 
Lipschitz boundary, and we denote by the family of its open subsets. 

In the unilateral minimality property (|C j . 1|> . we consider (N — l)-dimensional sets which are 
rectifiable, i.e. contained up to a set of H^" 1 -measure zero in the union of a sequence of C 1 - 
hypcrsurfaces of . We will use the following notation: given K\ , K% rectifiable sets in M. N , we 
say that K\ C Ki if K\ C up to a set of 7i Ar_1 -measure zero; similarly we say that K\=K% if 
K\ = Ki up to a set of 7i Ar_1 -measure zero. 

Given 1 < p < +oo, the functions in H0.1JI belong to the space SBV p (fl) defined as 

SBV P (Q) := {u e SBV{n) : Vu € L P (A, R N ),H N ^ 1 (S(u)) < +oo}. 

For the notations and the general theory concerning the function space SBV(Q) (special functions 
of bounded variation), we refer the reader to We will consider weak convergence in SBV P (Q) 
defined in the following way: u n — 1 u weakly in SBV p (Vl) if 

u n — > u strongly in 

Vu„ Vw weakly in L p (fi; R N ), 

t^-VK)) < c. 

We indicate by -P(fi) the family of sets with finite perimeter in O, that is the class of sets E C fl 
such that 1e € SBV(fl). In view of the applications of Sections |3 0] and |S] it will be useful to 
look at P(O) in term of functions, that is to use the following equivalent description: 

(1.1) P(fi) = {ue SBV(n) : u(x) £ {0, 1} for a.e. x G fi}. 

2. Blow-up for T-limits 

In this section we state some blow-up results for T-convergent sequences of integral functionals 
!F n (u) which will be used in Section 0] Moreover under additional hypothesis on !F n , we obtain 
a regularity result for the density of the r-limit T which will be employed in Section |H1 For the 
definition and the basic properties of T-convergence, we refer the reader to |17| . 
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Let 1 < p < +00 and let / : fl x R N — > [0, +00 [ be a Caratheodory function such that 

(2.1) ai(x) + a\t\* < f(x,0 < a 2 (x) + 

where a\,a2 € and a, /3 > 0. Let us assume that 

£ — > /(x, £) is convex for a.e. x G f2. 

Let Bi be the unit ball in M. N with center and radius 1. The following blow up result in the 
sense of T-convergence is a direct consequence of the Scorza-Dragoni theorem for Caratheodory 
functions and of |17l Theorem 5.14]. 

Lemma 2.1. Let (pk)keN be a sequence converging to zero. Then for a.e. x G f2 the junctionals 

F k (u) ■= f{x + PkV ' VU{V)) dy U G WhP ( Bl) ' 

1 +00 otherwise in L 1 (Bi) 

T-converge in the strong topology of L 1 (Bi) to the functional 

F{u) := V* V " (y)) ^ " ^ W^i). 

l+oo otherwise in L 1 (Bi). 

Let us consider now / n : f2 x 1^ — > [0, +00 [ Caratheodory function satisfying the growth 
estimate l|2.1l) uniformly in n, and let J- n : L 1 (fi) x _4(£!) — > [0, +00] be defined as 



._ ) J A 



f A f n (x,Vu(x))dx ueW^iA), 



Let us assume (and this is always true up to a subsequence, see Theorem l8.1(l that for all A G A(il) 
J- n (-, A) T-converge with respect to the strong topology of L 1 (f2) to a functional !F(-, A) such that 
for all u G W^ p (n) 

(2.2) F(u,A);= [ f{x,Vu(x))dx 

J A 

for some Caratheodory function / (independent of u and A) which satisfies estimate l|2.1|) . Using 
Lemma 12. II and a diagonal argument we conclude that the following theorem holds. 

Theorem 2.2. Let (pk)keN be a sequence converging to zero. Then for a.e. x G f2 there exists 
(nk)keN such that the functionals 

F k (u) := (J* fnk {X + PkV ' Vm(2/)) dV U£ WhP ( Bl) > 

[+00 otherwise in L l {B\) 

T-converge in the strong topology of L 1 (Bi) to the functional 

F(u) := VM(y)) dy U£ Wl ' P ^' 

l+oo otherwise in L 1 (Bi). 

Remark 2.3. In the case of periodic homogenization, i.e. in the case in which f n (x, £) :— f(nx, £) 
with / periodic in x, it is sufficient to choose n& in such a way that n k pk +00. In fact for x = 
we have 

F k (u) •= [J* f(( n kPk)y,^(y))dy u g W X *{B X ), 

I +00 otherwise in L 1 (B\) 

which still L-converges to (see for instance |17| 1 

F{u) := if Bl /hom(Vu(y)) dy u G W^(Bi), 

l+oo otherwise in L 1 (Bi). 

In the rest of the section we prove a regularity result for the density / defined in l|2.2(l under 
additional hypothesis on /„ which will be employed in Section|Hl Let us assume that for a.e. x G fl 
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(1) f n (x,-) is convex; 

(2) f n (x, •) is of class C 1 ; 

(3) for all M > and for all £ such that \£\ < M, |&| < M, \£ - £\ -> we have 
(2-3) iVf/n^O-V^^ahO. 

Notice that for instance f n (%,Q ■— a n(^)|?| p with a < a„(:c) < [3 satisfies the assumptions above. 
Notice moreover that by lower semicontinuity of T-limits £ — > f(x,£) is convex for a.e. x G f2. 
We need the following lemma which is a straightforward variant of |181 Lemma 4.9]. 

Lemma 2.4. Let (X, A, /x) be a finite measure space, p > 1, N > 1, and Zei if n : X x — > K be 
a sequence of Caratheodory functions which satysfi.es the following properties: there exist a positive 
constant a > and a nonnegative function b G IP (X), with p' = p/(p — 1) such that 

(1) \H n (x,0\ < a|£| p_1 + Kx) for every x G X, £ G I w ; 

(2) /or a// A/ > and for a.e. x G fi, for all&,£ such that \&\ < M, |£J < M, -> 
we /iawe 

\H n (x,e n )~H n (x,e n )\^o. 

Assume that ($ n ) n gn is bounded in L P (X,M. N ) and that (^n)neN converges to strongly in 
LP{X,R N ). Then 

/ [H n {x,$ n (x) + $ n (x)) - H n (x > ^ n (x))]^(x)dn(x) 0, 
Jx 

for every $ G IP(X,R N ). 

The following regularity result on / holds. 
Proposition 2.5. For a.e. x G f2 i/ie function £ — » f(x,£) is of class C 1 . 

Proof. According to Theorem l2.2l let a; G 0, pk — > and (nfe)fc S N be such that (F^)/^ T-converges 
with respect to the strong topology of L x (Bi) to F. 

Let (0fc)feeN be a recovering sequence for the affine function y — > £ • y with £ G R . Up to a 
further subsequence, we can always assume that there exists -0 G M. N such that 

(2-4) j^-r f V^ nk (x + p k y,V(pk(y))dy^i>- 



\Bi\ 



Let tj \ and let rj G R . By the convexity of f, lk in the second variable, we have 
fn k {x + p k y, V^fc (y) + tjrj) - f nk (x + p k y, V0 fe (y)) dy 

<tj / V^f nk (x + p k y,Vcj)k{y) +t J n)r]dy. 

J Bi 

By T-convergence we can find kj such that 
f(x,Z + t jri )-f(x,0 1^ 1 



*3 J " 1^1 1 3 By 

so that we have 



(2.5) hmsup KZlLtM < J_ l imsup /" V? / n , . (x + Pkj y, Vcf> kj (y) + t jV )r) dy. 

Notice that by Lemma 12.41 and by (|2.4|l we have that 
Vc/„ fcj {x + p kj y, y^k 3 (y) + tjr))r) dy 

= lim / V s /„ fc (x + p k y,V^ kj (y))vdy = \Bi\ipr), 



lim 

j^+oo J Bi 
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and so for every subgradient £ of f(x, •) at £ by (|2.5|) we have 

Qrj < limsup < ip-q. 

We deduce that C = ip, so that f(x, •) is Gateaux differentiable at £ with V^/(a;,£) = ^/>: since 
f(x, •) is convex, we get that f(x, •) is of class C 1 . □ 

Remark 2.6. An hypothesis of equiuniform continuity for (V^/ n (a;, £))„ s n like (|2.3[1 is needed 
in order to preserve C 1 -regularity in the passage from /„ to /. Otherwise it is easy to provide 
a counterexample considering £ — > /„(£) smooth convex functions uniformly converging to a non 
differentiable convex function £ — > /(£), and noting that the associated functionals T-converge. 

3. Some integral representation lemmas 

Let ai,a 2 € £ X (0), 1 < p < +oo, and let a, /3 > 0. For all n e N let /„ : 17 x R w — >• [0, +oo[ be 
a Caratheodory function such that for a.e. igO and for all £ € K w 

(3.1) ai (x)+a|e| p <f n (x,0 <a 2 (x)+p\li\ P , 

and let g„ : 17 x S^ -1 — > [0, +oo[ be a Borel function such that for H N ~ 1 -a.e. x € VI and for all 
v € S N - 1 := {t? e R N : |r?| = 1} 

(3.2) a<0 n (a;,i/) < /?. 

In Section0|we will be interested in the functionals on L 1 (f2) x .4(17) 

(33) £ n (u A y. = S^fn(^u(x))dx + f Anis{u)XKn) g n (x,u)dn N - 1 (x) ueSBVP(A), 
I +oo otherwise, 

where .4(17) denotes the family of open subsets of 17, and (if„) ne N is a sequence of rectifiable sets 
in 17 such that 

H N -\K n ) < C. 

In particular we will be interested in the T-limit in the strong topology of 2^(17 ) of (£„(•, 4)) „£N 
for every A E .4(17). To this extend we consider the functionals T n : L 1 (f2) x .4(17) — ► [0, +oo] 

(3.4) r n{ u,A):={ hUX ^ U[X))dX U£W1 ^ 

I +oo otherwise, 

and the functionals Q~ : P(O) x .4(17) -> [0, +oo[ 

(3.5) g-(u,A):= [ g n {x,v)<M N - x {x) 

JAn(S(u)\K n ) 

defined on Sobolev and piecewise constant functions with values in {0, 1} (see Hl-ljl l respectively, 
and we will reconstruct the T-limit of (£«(•, 4))„£pj through the T-limits of (J r n( - >^4.))neN arL d 

(g-(-,A)) neN . 

For the results of Section^ we will need also the functionals Q n : P(17) x .4(17) — > [0, +oo[ 

(3.6) g n {u,A):= ( g n {x, V )dH N - 1 {x). 

JAns(u) 

In the following, for every functional W defined on X x .4(17) with X = L 1 (17) or X — P(17) 
with values in [0, +oo], for every ip S i 1 (4) and A S .4(17) we will use the notation 

(3.7) m-j-c^tp, A) = inf {TC(u, A) : u — ip in a neighborhood of 94}. 

Moreover for all x € M w , a, 6 € R and f € S' jv_1 let u x , a ,b,» ■ B 1 (x) — > M be defined by 

'6 if (y - ac)v > 0, 
a if (y — x)v < 0, 

where Bi (x) is the ball of center x and radius 1 . 



(3.8) u Xj a,b,u(v) 
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The following T-convergence and representation result for the functionals T n holds (see Buttazzo 
and Dal Maso [T5\, Bouchitte, Fonseca, Leoni and Mascarenhas [TJ3 Theorem 2]). 

Proposition 3.1. There exists T : L x (£l) x A(fl) — > [0, +oo] such that up to a subsequence the 
functionals T n (-,A) T-converge in the strong topology o/L 1 (il) to J-(-,A) for every A S A(Cl). 
Moreover for all u S W 1,p (f2) we have that 



(3.9) J r (u,A)= / f{x,Vu(x))dx, 

J A 

where 

(3-10) f{x,0 :=hmsup w . 



p- 



+0 + WArp 



nijF is defined in ((3.7(1 . and u>n is the volume of the unit ball in M. N . Finally f is a Caratheodory 
function satisfying the growth conditions ((3.1|) . 

Let us come to the functionals Q n defined in The following proposition holds (see Am- 

brosio and Braides |SJ Theorem 3.2], Bouchitte, Fonseca, Leoni and Mascarenhas (11)1 Theorem 
3]). 

Proposition 3.2. There exists Q : P(Q) x A(Q) — > [0, +oo[ such that up to a subsequence Q n (', A) 
T-converge with respect to the strong topology o/L 1 (fi) to Q(-,A) for all A £ A(fl). Moreover for 
all u £ P(Q) and A € A(Q) we have that 

(3.11) G(u,A) = I g(x,v)dx, 

JAns(u) 

with 

(3.12) g(x,v) := hmsup ^ , 

where mg is defined in 1)3.7(1 and Hj^.i.i/ * s as i n J3.8II . 

Let us come to the functionals C?~ defined in 113.5(1 . The following proposition holds. 

Proposition 3.3. There exists Q~ : P(ft) x A(Q) — > [0, +oo[ such that up to a subsequence 
Q~(-,A) T-converge with respect to the strong topology o/L 1 (f2) to Q~(-,A) for all A € A(fl). 
Moreover for all u € P (O) and ^4 e ^4(f2) we /iave i/iai 

(3.13) g~(u,A) = [ g-(x,iy)dH N - 1 (x), 

JAnS(u) 

with 

(3.14) 3 (af,i/) := hmsup N HK , 

where nig- is defined in ((3.7(1 and u x ,o,i,v *s o,s in 1(3.8(1 . 

Proof. The T-convergence result for C7~(-,v4) is given by the result of Ambrosio and Braides [S]. 
For the sequel we need also the explicit formula ((3.14|) for the density g~ which is not given directly 
by the results of [S] and JUj because of a lack of coercivity from below. Let us briefly sketch how 
to prove that g~ defined in 1(3.14(1 represents Q~ . According to Proposition 13.21 let us consider 
the densities g e (x,v) representing the T-limit Q e (-,A) of the (uniformly coercive) functionals 



g e n (u,A):= [ &(x,u)ilH N - 1 (x), 
JAns(u) 



where 

s if x G K n , v = vk„(x), 



g n (x,v) otherwise. 
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We have immediately that Q e (u,A) — > Q~(u, A) as e — > for all u £ P(fi) and A S A(Sl). Let 
be the weak* limit of TC N ~ 1 \—K n (up to a subsequence) in the sense of measures. Notice that 
(see for instance Theorem 2.56]) up to a set of 7i Ar_1 -measure zero we have 

-tt (x) := hmsup < +oo. 

Then the result follows noting that for all x £ fl with ff(x) < +oo we have 

g~(x,v) = \\Tag E {x,v). 



□ 



Remark 3.4. It is immediate to check that if we replace P(f2) in Proposition 13.31 bv the space 
P a ,b(ty '■= i u e SBV(Q) : u(x) £ {a,b} for a.e. x £ fl}, with a, b £ R, then the T-limit in the 
strong topology of i 1 (J7) of Gn(-, A) can still be represented by the density g~ dehned in (|3.14() . 

Let us finally come to the functionals £ n defined in (|3.3|l . Using the growth estimates (|3.1|l 
and (|3.2() on /„ and g n (see 22), there exists £ : L 1 ^) x A(Ci) — ► [0, +oo[ such that up to a 
subsequence £ n (-,A) L-converge in the strong topology of L 1 (fi) to £(-,A) for all A £ A(Cl). For 
every e > let us set 



£ e (u, A) := £(u, A) + e ( l + WuWdK 1 
JS(u)nA 



/N-l 

i t I L U J I u ' 1 

ls(u)nA 

where [u](x) denotes the jump of u at x, i.e. [w](x) := u + {x)~ vr(x). By the representation result 
of Bouchitte, Fonseca, Leoni and Mascarenhas |1U1 Theorem 1] we get that for all u £ SBV p (il) 
and A £ A(Sl) 

£ s (u,A) = f fl (x,Vu{x))dx+ f g £ 00 (x^~(x),u+(x),iy)dH N - 1 (x) 

J A JAnS(u) 

with and g^ satisfying the following formulas 

(3-15) fL (x,0^^su P m£Mz -^ B ^\ 

(3.16) (x, a, 6, v) := hmsup ^— , 

where m£ e is defined in l|3.7|l and u x ,a,b,v is as in (I3.8|l . 

Notice that and are monotone decreasing in e, and that £ e (-, A) converges pointwisc to 
£(-,A) as £ — * for all A £ A(Cl). We conclude that the representation result for £ e implies a 
representation result for the functional £. 

Summarizing we have that the following proposition holds. 

Proposition 3.5. There exists £ : L (O) x A(Cl) — > [0, +oo] smc/i i/iai <o a subsequence £ n (-, A) 
T-converges in the strong topology o/L 1 (f2) to /or every A £ A(Q). Moreover, for every 

u £ SBV p (fl) and A £ A(Sl) we have that 

£(u,A)= / foo(x, Vtt(x)) dx + / 5oo(x,u _ (x),m + (x), v) dH N ^ 1 {x) 

J A JAnS(u) 

with 

(3.17) foo(x,0 ■= lim/^(x,^) and ^(x, a, 6, j/) := lim g^x, a, 6, i/), 

e— >0 s— >0 

where and are defined in H3.15|l and H3.16|l respectively. 

Remark 3.6. In the rest of the paper we will often make use the following property which is 
implied by the fact that £(u, •) is a Radon measure for every u £ SBV p (fl). If (w„)«eN is a 
recovering sequence for u with respect to £ n (-,f2), then (it ra ) n eN is optimal for u with respect to 
£„(•, A) for every A e A(Q) such that the measure £ (u, •) vanishes on dA. 



in 
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4. A T-CONVERGENCE RESULT FOR FREE DISCONTINUITY PROBLEMS 

The main result of this section is the following T-convergence theorem concerning the functionals 
£ n defined in (|3.3() . 

Theorem 4.1. Let (K n ) ne ^ be a sequence of rectifiable sets in SI such that 7i ^(Kn) < C for 
all n G N. Let us assume that for all A G A(SY) the functionals !F n (-,A) and Q~(-,A) defined in 
(|3.4|) and (13.51) T-converge in the strong topology of L 1 (Sl) to T{-,A) and Q~(-,A) respectively. 
Then for all A G A(SY) the functionals £ n (-,A) defined in (|3.3() T-converge in the strong topology 
of L 1 (Sl) to £(-,A) such that for all u G SBV p (Sl) and A G A(S1) 

£{u,A)= [ f{x,S7u{x))dx + [ g-(x,v)dH N - 1 (x), 

J A JAnS(u) 

where f and g~ are the densities of T and Q~ according to Provositions \3.i\ and \3.?A 

Proof. We know that up to a subsequence the functionals £ n (-, A) T-converge in the strong topol- 
ogy of L 1 (Sl) to a functional £(-,A) for every A G A(Sl), and that by Proposition 13.51 for all 
u G SBV p {Sl) and for all A G A{Sl) we have 

£{u,A)= I foo(x, Vu)dx + / g 0o (x,u~(x),u + (x),u)dH N ~ 1 (x), 

JA JS(u)nA 

where foe and g^ satisfy formula 1)3. 17|) . The theorem will be proved if we show that for all u G 
SBV p (Sl) we have /oo(x, Vu(x)) — f(x,'Vu(x)) fora.e. x £ SI, a,ndg ocl (x,u~(x),u + (x),i> S ( u - ) (x)) = 
g~(x, vs(u)( x )) for Ti. N ~ 1 -a.e. x G S(u), where v s ^(x) is the normal to S(u) at x. 
The proof will be divided into four steps. 

Step 1: foo(x, Vu(x)) < f(x, Vu(x)) for a.e. x G SI. 

This inequalty can be derived using the explicite formulas for f^, and /. Let x G SI, ^ G K , 
and let us fix e > 0. For every p > let u e _ p G W 1 ' p (B p (x)) be such that u SlP (z) = £(z ~ x) in a 
neighborhood of dB p (x) and 

T(u^ p , B p (x)) < mjr(£(z - x),B p (x)) + euj N p N . 

Then we get 

f e f c x r m fE (C(z -x),B p {x)) £(u £ , p ,B p (x)) 

Joo {x, = llm SU P m < llm SU P n 

P ^o+ u N p N p _ >0+ u N p N 

s v F(ue,p,B p (x)) mjr(£(z - x),B p (x)) 

< hm sup — £ < lim sup ^ — - h e = fix, £) + e. 

Letting e — > 0, we obtain that foo(x,£.) < f{x,£,), so that the step is concluded. 

Step 2: f 0o (x,Vu(x)) > f(x, Vu(x)) for a.e. x G 17. 

We can consider those x £ SI such that u is approximatively differentiable at X^ X IS 0i Lebesgue 
point for /(■,£) for all £ G and such that 

(4.1) /ooCz.VuCb)) = Hm < +oo. 

Let moreover (tt„)„ e N be a recovering sequence for £(u,SY): by 1)3. 2|) and since 7i (K n ) < C, 
we have that Tt N _1 (S (u n )) is bounded and so up to a subsequence 

p n :— 7i. N ~ 1 \—S(u n ) /i weakly* in the sense of measures 

for some Borel measure p. We can assume that (see for instance Theorem 2.56]) 

(4.2) limsup ^^ . 

P ^o+ P 
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Let pi \ be such that £(u, dB pi (x)) = 0. In view of Remark 13.61 for every i there exists such 
that for n > Hi 

£{u,B Pi {x)) £ n (u n ,B Pi (x)) _ 1 
^Npf ~ u N pf i 

Ib {x) fn(x,Vu n (x))dx I I f 1 

> 5 jv / fn(x + p l y,Vv] l (y))dy - - 

UN Pi I U N J Bl I 

where 

it s u n (x + Pi y) - u(x) 

v n(y) ■= ■ 

Pi 

Taking into account the assumptions on x, (|4.1|l and Q4.2[l . we can choose (rii)i 6 N is such a way 
that 

v l n . — > Vu(x) ■ y strongly in for i — » +oo, 

(V<.)ieN is bounded in Z^Bx.R^), 



lim W Ar - 1 (5«)) = 0, 

2 — »- + 00 



,„u ,( N - 1 

i — >+oo 

and 

FAii B <t\) 1 r 

(4.3) f 00 {x,Vu{x))= lim 1 ' > lim inf — / /„,(* + Pi y, V< (y)) % 

i^+oo ^NPi i^+oo UJff J Bi 

Moreover by a truncation argument we can assume that (f^.)ieN is uniformly bounded in L°°(B{), 
so that we get 

l|V<HL( fll »*)+ / |[<]|dW*- x <C and .lim W JV - 1 (5«)) = 0. 

Following Kristensen [35] we get that there exists Wi £ W ,0 °(Bi) such that Wi — > Vu(x) • y 
strongly in L (-Bi) as i — ► +cx) and such that 

liminf / /„ 4 (a; + Pi y, V«* (j/)) dt/ = lim inf / fn L (x + Piy,Vwi(y)) dy. 

i^+oc J Bi i->+oc J Bi 

If n,; is choosen such that the blow-up for r-limits given by Theorem 12.21 holds . we get that 

lim inf / /, 

i->+oo J Bi 

so that in view of l|4.3[) we obtain 



liminf / f ni (x + Pi y, Vwi(y)) dy > u N f(x, V«(i)), 



/oo(a:,V«(x)) > f(x,Vu(x)). 

Step 3: g 00 (x,u-(x),u+(x),i/ S ( u )(x)) < g"(x,i/ S ( u )(x)) for K N_1 -a.e. x e S(u). 
Up to a subsequence, we have that 

weakly* in the sense of measures. Since 7i ^(Kn) < C we have that for 7i Ar_1 -a.e. a; s f2 (see 
for instance Theorem 2.56]) 

(4.4) H(x) := lim sup < +00 . 

p ^ 0+ W7V-lp iV 

We claim that for all v £ P(0) and A e .A(0) such that K!] 

(4.5) a7i Ar ~ 1 (5(w)nyl) < Q~(v,A) + atfjt(A). 
In fact we have that for all n £ N 

aH^ 1 ((S(v) \ K n ) n A) < g~(v, A) 

so that 

aH"' 1 (S(v) n A) < g-{v, A) + ap n {A) 
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and so passing to the T-limit for n — > +00 we obtain that l|4.5|l holds. 
Let us choose x £ S(u) in such a way that (|4.4|l holds and such that 

J B {x) a 2 dx 
limsup — = 0, 

P ^o+ P 

where et 2 is defined in Let us indicate u~(x),u + (x) and vs(u)i x ) simply by u~,u + and v. 

Let us moreover set [it] := u + — u~ . 

Following Remark let us consider the functionals Q~ defined in 1(3.5(1 acting on the space 
Pv-,u+(ty ■= {u e SBV(n) : u{y) € {u~ ,u+} for a.e. y G Cl}. 

Let us fix e > 0. For every p > 0, let u 6iP € P u - u +(B p (x)) be such that u £ . p = u x u - u + u in a 
neighborhood of B p (x) and 

g-(u etP ,B p (x)) < m g -(u XiU - iU+tV ,Bp(x)) + euj N -ip N ~ l . 

Then we get in view of 1(3.16(1 and (|4.5|) 

B p {x)) 

9oo( x , v > ,W = limsu P ifZi 

p^ + ^N-lP 

£{u E , p ,B p (x)) + £(1 + \[u\\)H N - l {S{u e , p ) n B p (x)) 
• iiin sup -j. j - 

p^0+ UJ N -1P"~ L 

j B ( , a 2 dx + Q-( Ue , p , B p (x)) + f (1 + |N|)(a-(« e , P , B p (x)) + ap{B p {x))) 
< hm sup jv? 1 

+ | INI)(mg-Kn-,n+,^-B P W) +£^iP jV - 1 ) +£(1 + |M|M^p(x))) 
11m sup j. j - 

p^0+ UJ N -ip N ~ L 

< (l + - + -|N|) (5- (x, u) + e) + e(l + I (x). 

Letting e — *■ we obtain <?oo(x, vT , u + , z/) < g~ (x, f), so that the step is concluded. 

Step 4: g 00 (x,u"(x),u + (x),f S(u )(x)) > g-(x,i/ s(u) (x)) for W N_1 -a.e. xe S(u). 
Let us choose x G <S(u) which is an approximate jump point for u, 

(4.6) ffoo(x,M (x),u T (x),i/ S („)(x)) = hm j^-K+oo, 

p^0+ UJN-lP 

and such that 

(4J) ~ sU p^ — = °< 

where ai is defined in 13.1(1 . 

Since H N ~ 1 (K n ) < C, up to a subsequence we have 

/!„ := H N ~ 1 \—K n p weakly* in the sense of measures 
for some Borel measure p. We can assume that (see for instance Theorem 2.56]) 

(4.8) limsup M( ^ p ff ) < +00. 

P ^o+ P 



A T-CONVERGENCE APPROACH TO STABILITY OF UNILATERAL MINIMALITY PROPERTIES 13 



Let (it n ) n £N be a recovering sequence for £ (u, ft), and let pi \ be such that £(u,dB pi (x)) = 0. 
For every i £ N there exists rii S N such that for n > n, we have 

( , Q , £(u,B Pi (x)) £ n {u n ,B Pi {x)) _ 1 



JV-1, 

J;; i ,■)-, s', „ .-./, i •'» 1 " • " ' " 1 1 



Sb Pi ( x )nis(u n )\K n ]9n(x,v)dH N ai(y)dy _ i 

AT— 1 ' N—l 

UJN-lPi UN-lPi 1 

g n (x + p t y,v)dH (y) + N _ x -- 



where 



{g n nB Pi (a;)} - a; 



Pi 

We claim that we can find w l n piecewise constant in Bi such that for n — ► +oo 

w l n — > w' strongly in L 1 (S 1 ), 

where is piecewise constant and u>' = Uo,o,i,"s(io (x) m a neighborhood of the boundary, and 
such that for n large 

+ PiV,v)dH N ~ 1 (y) > / g n (x + p i y,v)dH N ~ 1 (y) - e iy 

B 1 n[S(v*J\K* l ] J B 1 n[S(w* t )\K* i ] 

with ej — ► for i ~ > +oo. 

Using the claim, by (|4.9|l . |@} and 1)4. 7f) we have that for n large 



AT-1 ^ iV-1 

0JN-iP t UJN-lPi 



where <L — > and 



4(C) := < - z'(C) := (j-jf) Wrongly in L 1 {B Pi (x)). 

By the T-convergence assumption on Q~ , using T-liminf inequality we have that 

5oo(x,m (a:),w^(a;),^ S ( u )(x)) > jt-: e t > jr-r e*. 

UJN-lPi UJN-lPi 

Letting i — > +oo, and recalling the representation formula (|3.14|) for g~(x,v), we have that the 
result is proved. 

In order to complete the proof of the step, we have to prove the claim. Since 

^ v n(v) = Pi^U n {x + pm), 
we get by the coercivity assumption (|3.1fl 

|V4(y)r dy = p\ \ \Vu n {x + p i y)\Pdy = (? i ^ ] N 

JBi Pi 

< Un{Un,B pi { X )) $B Pt{x ) a ^y) d y\ 

Since u n is optimal for u and by l|4.6|) we have that 

£n{u n , B pi (x)) n-++oo £(ll, B pi (x)) i^+oo , — / \ + / \ / \\ - , 

jyzi — ► — — * wjv-i5oo(a:,« W»« (sjj^swW) < +°°- 

Pi Pi 

In view also of 1)4. 7|l . we conclude that we can choose rii so that for n > rii 



N-l N-l 
Pi Pi 



\W n (y)\Pdy<C P : 



p-i 
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for some constant C > 0. By Coarea formula for BV functions (see [71 Theorem 3.40]) we get 

1 (x) H N ^ (d*K{t) \ s(vi)) dt< I |V<| dy < Cp]'K 

-(x) Jb 1 

for a suitable constant C, where 

E l n {t) := {x 6 B\ : x is a Lebesgue point for v l n and v l n {x) > t} 

and d* denotes the reduced boundary. By the Mean Value Theorem there exists tf n £ [u~ (x), u + (x)] 
such that 

(4-10) n N - 1 \ S«)) < ° - p]->. 

u + (x) — u (x) 

We now employ a construction similar to that employed by Francfort and Larsen in their Transfer 
of Jump Sets Theorem |21l Theorem 2.3]. Since a; is a jump point for u we have that for i — > +oo 

u(x + p l y) -> Uo, u -w tU +w tVgM w strongly in L^Bi). 

Then we have that for n large 

\B+ A E^)] < e t , 

where 5+ := {y € Si : y • i/ S ( u )(a;) >0},4AB:= (^\B)U(B \ A), and e s -> for i -> +oo. 
By Fubini's Theorem we have 

/-+oo 

H^ 1 \ n H(s)) ds < / H"- 1 ((B+ \ 23* (£)) n H(s)) ds < e h 

J —CO 

where H(s) := {y G B% : y ■ vs(u){ x ) — s }> an d by the Mean Value Theorem we get that there 
exists < s l r i + < yfel such that setting H*; + :— H{s]{ + ) we have 

Similarly we obtain —^f&i < s\[~ < such that setting :— H(s l l ]~) we have 

H^iiE^XB^nHlr) < v^- 

Let us write y = (y',yN), where yN is the coordinate along vs(u){%) and y' the coordinates in the 
hyperplain orthogonal to v s ^{x). Let h be such that for every y 6 B\ 

\y N \ > 2Vi7=> \y'\ <l-k. 

Let us set 

Dl := U {y e Si : > S j;+}) \ {y G Bi : < 4" }■ 

We set 

l >i-k,yN>o, 

|y'| >l-ii,»jv<0, 

1 ^l-^ye^, 

v otherwise. 

Notice that w™ is piecewise constant, with w l n = uo,o,i,i/ SM (:r) in a neighborhood of the boundary, 
and such that 

g n (x + p i y,is)dH N ~ 1 (y) > / g„(x + p l y,v) dH N ^ 1 {y) - e i7 

B^lSiv^K^} JB 1 n[S{wi)\K' l ] 

with — > for i — > +oo. 

In view of (|4.10l) and of the assumption (|4.8(l we have that Ti N ^ 1 (S(w' L n )) < Ci uniformly in n 
for some finite constant C,. By Ambrosio's Compactness Theorem (see for example [7J Theorem 
4.8]) we get for n — > +oo 

w l n — > 10* strongly in L 1 (i?i), 

where u> 1 is piecewise constant and w l = Mo.o,i,i/ s( „)(x) i n a neighborhood of the boundary, so that 
the claim is proved. □ 
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Remark 4.2. Theorem 14 . 1 1 states that in the r-limit process there is no interaction between bulk 
and surface energies, since they are constructed looking at T-convergence problems in Sobolev 
space and in the space of piecewise constant functions respectively. As a consequence, considering 
bulk and surface energy densities of the form ci/„ and c-ig n with ci, C2 > 0, we get in the limit c\f 
and c-ig as bulk and surface energy densities. We remark that a key assumption for non interaction 
is given by equi-boundness of Tt N ~ 1 (K n ): dropping this assumption, interaction can occur even 
in the case of constant densities, for example /(£) := and g{x,v) = 1 (if we consider in ]0, 1[ 
the set K n := : i = 1, . . . , n — 1}, we get as r-limit the zero functional). As mentioned in 
the Introduction, non interaction between bulk and surface energies was noticed in the case of 
periodic homogenization (with K n = 0) by Braides, Defranceschi and Vitali in |12|. 

In the rest of this section we employ Theorem 14.11 to obtain a lower semicontinuity result for 
SBV functions in the case of varying bulk and surface energies in the same spirit of Ambrosio's 
lower semicontinuity theorems [3]. 

From Theorem 14 . 1 1 we get that the following semicontinuity result holds. 

Proposition 4.3. Let (K n ) n ^ be a sequence of rectifiable sets in f2 such that 7i N ~ l {K n ) < C 
for all nfN. Let us assume that for all A £ the functionals J r n [-,A) and G~(-,A) defined 

in (|3.4[1 and Ij3.5|l T-converge in the strong topology of L l (£l) to J-{-,A) andQ~(-,A) respectively. 
Let (wn)neN be a sequence in SBV P (Q) such that u n — u weakly in SBV p (£l). 
Then for all A £ A(fl) we have 

(4.11) / f(x,Vu(x)) dx < liminf / f n (x, Vu n (x)) dx, 

J A jw+oo J A 

and 

(4.12) f g-(x, v) dH N - x < liminf / g n (x, v) dH N ~ x , 

JS(u)nA n^+oo J (S(u n )\K n )nA 

where f and g~ are the densities of J- and Q~ respectively. 
In particular if K n = we have 



(4.13) / g{x,v) dTt 1 ^^ 1 < liminf / g n (x,v)dH ! 

JS(u)nA n^+oo J S ( u)nA 



i N - x < liminf / r '~ -■^^ N - 1 

>S(u)nA n ^ + °° J s(u n )nA 

where g is the density of Q defined in Pro"oosition \H. t A 

Proof. By Theorem 14. II we have that for all h,k £ N and for all A £ A(£l) the functionals 



£^(u,A):=h f n (x,Vu(x)) dx + k g n {x 1 v)dH 1 

J A J (S(u)\K n )nA 

F-converge in the strong topology of L 1 (i7) to 

£ h ' k {u,A) := h [ f(x,Vu(x))dx + k [ g~(x, v) dH N ~ l . 

J A JS(u)nA 

In particular by T-liminf inequality we have 



Then we get 



£ ' (u, A) < liminf £^ k (u n , A). 

n— >+oo 



f(x, Vu(x)) dx < liminf f f n (x,Vu n (x)) dx + — f g n {x,v) dTi N 1 (x) 

n^+oo J A h J(5( Un )\K„)nA 

< liminf / /„(x, Vu„(x)) dx + — C 
n— >+oo J A h 

for some constant C independent of h and k. Since h, k are arbitrary we get that (|4.11|l holds. 
The proof of l|4.12|l is analogous. □ 
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5. A NEW VARIATIONAL CONVERGENCE FOR RECTIFIABLE SETS 

In this section we use the T-convergence results of Section 0] to introduce a variational notion 
of convergence for rectifiablc sets which will be employed in the study of stability of unilateral 
minimality properties. 

Let (K n ) n( zfi be a sequence of rectifiable sets in f2, and let us assume following Ambrosio and 
Braides Theorem 3.2] that the functionals H~ : P(fi) x A(Q) -> [0, +oo) defined by 

(5.1) n~ (u, A) := U 1 "- 1 ((S(u) \ K n ) n A) 

T-converge with respect to the strong topology of L 1 (0) for every A £ A(fl) to a functional 
H~(-, A), which by the representation result of Bouchitte, Fonseca, Leoni and Mascarenhas jlOl 
Theorem 3] is of the form 

(5.2) H-(u,A):= [ h-{x,v)dH N ~ l {x) 

Js(u)nA 

for some function h~ : £1 x S N ~ X — * [0, +oo). 

Definition 5.1 (^-convergence of rectifiable sets). Let (K n ) n ^ be a sequence of rectifiable 
sets in fl. We say that K n a-converges in to K if the functionals (7i~)„gN defined in (|5.1|l 
T-converge in the strong topology of L l {Q) to the functional 7i~ defined in (|5.2|) . and K is the 
(unique) rectifiable set in il such that 

(5.3) h~(x, v K {x)) = for H^-a.e. x € K, 
and such that for every rectifiable set H C we have 

(5.4) h-{x,is H (x)) =0 for^^-a.e. x E H => HCK, 
where HCK means that H C K up to a set of Ti. 1 ^^ 1 -measure zero. 

Remark 5.2. From Definition ^. H it comes directly that tr-convergence of rectifiable sets is stable 
under infinitesimal perturbation in surface. More precisely let (K n ) ne fq be a sequence of rectifiable 
sets in f2 such that K n a-converges in ft to K, and let (K n ) n <z?$ be a sequence of rectifiable sets in 
il such that 7i N ~ l (K n A K n ) — > 0, where A denotes the symmetric difference of sets. Then K n 
cr-converges in fi to K. 

Let us now come to the main properties of <r- convergence for rectifiable sets. By compactness 
of F-convergence, we deduce the following compactness result for a- convergence. 

Proposition 5.3 (compactness). Let {K n ) n ^i be a sequence of rectifiable sets in Q with 
j{ N - 1 ^X n ) < C . Then there exists a subsequence (jih)h&i an d a rectifiable set K in ft such that 
K nh a-converges in Q to K . Moreover 

(5.5) H N - X {K) <\immlH N - x {K n ). 

n — *+cx) 

Proof. By Proposition 13.31 up to a subsequence we have that for all A £ A(£l) the functionals 
H.~(-,A) defined in 1)5.1(1 T-converge in the strong topology of L 1 (f2) to a functional TC~(-,A) 
which can be represented through a density h~ according to (|5.2|l . 
Let us consider the class 

K, := {H C n : H is rectifiable and h~(x, v H {x)) = for H N ~ 1 -a,.e. x E H}. 

Notice that JC contains at least the empty set. Let us prove that for all H £ K. we have 

(5.6) H N - l {H) <L := liminf H N - l {K n ). 

n — >+oo 

In fact let H £ JC. Since H = UiHi with Hi compact and rectifiable with 7i N ~ l (Hi) < +oo, it is 
not restrictive to consider H W-1 (£f) < +oo. Given e > 0, by a covering argument we can find an 
open set U and a piecewise constant function v £ P(Q) such that 

7i Ar - 1 (i?\C/) <e and H^ 1 ((S(v) A H) n U) < e, 
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where A denotes the symmetric difference of sets. Since h < 1 we have 



H~(v,U) = h-[x,v)dH N ~\x) = h-(x,v)dH"-^{x) < e. 

JS(v)nu J{S(v)\H)nu 

Let (wn)neN be a recovering sequence for v with respect to H.~(-, U). Then we have that 

limsup?^- 1 ((S(v n ) \ K n ) DU)<e. 

n— »-|-oo 

By Ambrosio's Theorem we deduce that 

n N -\H) < h n -\h nu) + h n -\h \ u) < n N -\s(v) nu) + 2e 

< liminf H N - l (S(v n ) C)U) + 2e< Iiminf H N - l {K n ) + 3e = L + 3e. 

n — >+oo n — >+oo 

Since e is arbitrary we get that H5.6JI holds. 
Let us now consider 

L := supiH 1 *- 1 ^) : H e JC} < +00, 
and let (Hk)kefi be a maximizing sequence for L. We set K := |Jfc=i Hk- Clearly 1)5. 5J1 and (|5.3|l 
hold. Moreover, since 7i Ar_1 (i ; S') = L we have that (|5.4J) holds, and the proof is concluded. □ 

Remark 5.4. Let := ( — 1,1) x (—1,1) in R 2 , and let (K n ) ne f$ be a sequence of closed sets 
with K n K := {(-1,1)} x {0} in the Hausdorff metric and such that H l \-K n aH}^K 
weakly* in the sense of measures. If a < 1 by l|5.5|l we deduce that K n cr-converges in fl to the 
empty set. We stress that the condition a > 1 is not enough to guarantee that K is the cr-limit of 
(^n)neN- In fact considering 



U \h 



1 1 

n n 



we have Ti 1 \—K n 2H 1 \—K weakly* in the sense of measures. However also in this case we have 
that K n cr-converges in fi to the empty set. In fact let us consider u € -P(fi) such that u = 1 in 
fi+ := (—1,1) x (0,1) and u = in fl~ := (—1,1) x (—1,0), and let u n be a sequence in P(Q) 
such that u n — > u strongly in L 1 (J1) and with Ti (S(u n )) < C. Let (ei,e2) be the canonical 
base of R 2 . By Ambrosio's theorem we get that 

vliinft&LSiun) A e 2 H 1 \-S(u) 
weakly* in the sense of measures. Considering the vector field ipe2 with tp £ C^°(f2) we get 

/ ipe2 ■ v[u n ] dH 1 = / pe2 ■ v[u n ] dH 1 — > / (pdH 1 . 

J S{u n )\K n JS(u n ) JK 

Since ip is arbitrary, we deduce that limirrf n ^_|_ 0O H~(u n ) = Ihnmf n ^ +OQ Tl 1 (S(u n )\K n ) > 1. By 
r-liminf we conclude that TL~{u) = 1 that is h~ (x, e?) — 1 for 7i 1 -a.e. x G K. Since the cr-limit 
of (K n ) nl zfi can be only contained in K, we deduce that the cr-limit is the empty set. 

The following proposition, which comes immediately from the growth estimates on <?„, shows 
that the cr-limit is a natural limit candidate for a sequence of rectifiable sets in connection with 
unilateral minimality properties (see the Introduction). 

Proposition 5.5. Let [K n ) n ^ be a sequence of rectifiable sets in Q with K n a-converging in Q 
to K. Let (g n )n£N be a sequence of B or el functions satisfying the growth estimates (|3.2|l . and let 
g~ be the energy density of the T-limit in the strong topology of L l (£l) of the functionals (Q~) n ^ 
defined in (|3.5fl . Then we have 

g-(x, v K {x)) = for H N ' l -a.e. x e K, 

and for every rectifiable set H C.VL 

g-{x,v H {x)) = forH N ' l -a.e. i£ H =>• HCK. 

The following lower semicontinuity result for surface energies along sequences of rectifiable sets 
converging in the sense of cr-convergence will be employed in Section [S] 
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Proposition 5.6 (lower semicontinuity). Let (K n ) ne ^ be a sequence of rectifiable sets in 
such that K n a-converges in Q to K . Let (g n )n<EN be a sequence of Borel functions satisfying the 
growth estimates l|3.2[l . and let g be the associated function according to Provosition 1 3. Oft Then we 
have 

I g(x,u)dH N ~ 1 (x) < liminf / gjx, v) dU N ^ (x). 

Jk n->+oo J K n 

Proof. Let H C K with TC N ~ 1 (H) < +00. Given e > 0, by a covering argument we can find an 
open set U and a piecewise constant function v G P(Q) such that 

W Ar - 1 (i/\C/) <e and H^ 1 {(S{v) A H) n U) < e, 

where A denotes the symmetric difference of sets. If (fn)neN is a recovering sequence for v with 
respect to H~(-, U) defined in (|5.2|) we have 

limsupTi^ 1 ({S(v n ) \ K n ) C\U) < e. 

n — >+oo 

We deduce by T-convergence that 



g(x,v)dH"-\x) = / g{x,v)dH™~ L {x) + g(x, v) dH n ~ L {x) 

H JHnU JH\U 

<[ g(x,v)dH N - 1 (x) + 2/3e<liminf [ g n (x, v) dH N - l {x) + 2/?e 

JS(v)nU n^+oo J s[Vn)nU 

< liminf / g n (x, v) dH N - x {x) + 3f3e. 

ri^+oo J Kn 

Since e is arbitrary we deduce 

/ g(x, v) dH N ^ (x) < liminf / g n (x, v) dH N ' 1 (x), 
Jh J Kn 

and since H is arbitrary in K the proof is concluded. □ 

The following proposition is essential in the study of stability of unilateral minimality properties. 

Proposition 5.7. Let (K n ) ne fj be a sequence of rectifiable sets in Q such that K n a-converges in 
n to K. Let 1 < p < +00, and let (M ra ) n eN be a sequence in SBV P {VL) with u n u weakly in 
SBV p (£l) and W"- 1 ^^) \ K n ) -> 0. Then S(u) C K. 

Proof. Let us consider K n := S(u n ) (~1 K n . By compactness, up to a further subsequence we have 
that K n er-converges in to a rectifiable set K C K. Let h~ be the density associated to (K n )n^n 
according to Definition 15. II By lower semicontinuity given by Proposition 14.31 we have 

/ h-{x,v)dH N - 1 (x) < liminf Ti^" 1 (s{u n )\K n ) = 0. 

JS(u) n-+oo V J 

We deduce that 

h~ (x,v S ( u -)(x)) = for 7i N ~ 1 -a,.e. x € S(u), 
so that by definition of cr-limit we deduce S(u) QKQK. □ 

The next corollary shows that our cr-limit always contains the a p -limit of introduced by Dal 
Maso, Francfort and Toader in JHj to study quasistatic crack growth in nonlinear elasticity. We 
recall that K n a p - converges in Q, to K if the following hold: 

(1) if u h -± u weakly in SBV p (fl) with S(u h ) C K nh , then S(u) C K; 

(2) K = S(u) and there exists u n — u weakly in SBV p (ft) with S(u n ) C K n . 

Corollary 5.8. Let {K n ) n ^ be a sequence of rectifiable sets in such that K n a-converges in D, 
to K . Let 1 < p < +00, and let us assume that K n a p -converges in to some rectifiable set K . 
ThenKCK. 

Proof. The proof readily follows from Proposition 15.71 and point (2) of the definition of a p - 
convergence. □ 
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Remark 5.9. Notice that is general we can have that the er p -limit K of (K n ) nG ^ is strictly 
contained in K. In fact we can consider fl := (—1, 1) x (—1, 1) in R 2 , and 

K n :={(-l,l)\L n } x {0} 

with L n C (—1, 1) and \L n \ — > 0. In this case we get K = (—1, 1) x {0}, while if L n is chosen in 
such a way that its c p - capacity is big enough (see the celebrated example of the Neumann sieve, 
we refer to [2EJ) we get K = 0. 

This example is based on the fact that the cr p -limit is influenced by infinitesimal perturbations 
of the K n as pointed out in Remark 15.21 while the set K is not. 

In Section and Section |H1 we will need a definition of er-convergence in the closed set O. 

Definition 5.10 (cr-convergence in fl). Let (-ftT rt )„ e N be a sequence of rectifiable sets in fl. We 
say that K n a-converges in fl to K Cfl if K n a-converges in fl' to K for every open bounded set 
ft' such that ft Cfl' . 

Notice that to check the cr-convergence in fl of rectifiable sets, it is enough check cr-convergence 
in fl' for just one ft' with fl C ft' . 

6. Stability of unilateral minimality properties 

In this section we apply the results of Section 0] and Section El to obtain the stability result of 
unilateral minimality properties under T-convergence for bulk and surface energies. 

Definition 6.1 (unilateral minimizers). Let f : Dxl" — > [0, +oo[ be a Caratheodory function 
and let g : ft x S 1 ^^ 1 — > [0, +oo[ be a Borel function satisfying the growth estimates (|3.1[) and 
(|3.2|) . We say that the pair (u,K) with u G SBV p (fl) and K rectifiable set in ft is a unilateral 
minimizer with respect to f and g if S(u) C K, and 

f(x, Vu(x)) dx < / f(x, Vv(x))dx+ / g{x,v), 
Jn Jh\k 

for all pairs (v, H) with v £ S BV P (ft) , H rectifiable set in ft such that S(v) C H and K C H . 

As in the previous sections, let f n : O X R N — * [0,+oo[ be a Caratheodory function and let 
g n : ft x S 1 ^^ 1 — > [0, +oo[ be a Borel function satisfying the growth estimates l|3.1l) and l|3.2ll . 

Let us assume that the functional (J- n (-, A)) neN and (G n {', A)) n( z N defined in (|3.4|l and (|3.ti|l 
T-converge in the strong topology of L 1 (ft) to A) and £/(•, ^4) for every A g A(fl) respectively. 
Let / be the density of T according to Proposition 13.11 and let g be the density of Q according to 
Proposition 13. 21 

The main result of the paper is the following stability result for unilateral minimality properties 
under cr-convergence of rectifiable sets (see Definition 15. If) , and T-convergence of bulk and surface 
energies. 

Theorem 6.2. Let (u„) n6 N be a sequence in SBV p (fl) with u n u weakly in SBV p {ft), and let 
(Kn)n£fi be a sequence of rectifiable sets in ft with H. N ~~ 1 (K n ) < C and such that K n a-converges 
in ft to K. Let us assume that the pair (u n , K n )nef$ * s a unilateral minimizer for f n and g n . 
Then (u,K) is a unilateral minimizer for f and g. Moreover we have 

(6.1) lim / f n (x, Vu n (x)) dx — / f(x,\7u(x))dx. 

n— +oq J n J n 

Proof. By Theorem 14. II we have that the functionals 

£ <u) ■= \L^(x,Vu{x))dx + S^^g^x^^dH 1 "- 1 ^) u g SBV p {ft), 
1 +oo otherwise 
T-converge with respect to the strong topology of L 1 {ft) to the functional 

E[u) . = Un V «(^)) dx + Ism 9 ~ {x > v) dnN ~Hx) « e SBV p (ft), 
+oo otherwise, 
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where / and g~ are denned in (|3.1U|) and (|3.14|l respectively, with g~ < g. 

By Proposition 15 . 71 we have S(u) CK, so that u is admissible for K, while by Proposition 15. 51 
we have that 

g~(x, v K (x)) = for W^-a.e. x G K. 
Then the unilateral minimality of the pair (u, K) easily follows. In fact, by T-convergence we have 
that u is a minimizer for £ and £ n (u n ) — > £(u). Then for all pairs (v,H) with S(v)CH and 
K C H we have 

/(x, Vu(a:))da; = < £(u) = / f{x,Vv(x))dx + [ g-{x,v)dH N ~ 1 



/(a, Vv(a;)) da: + / g (x, v) < I f(x,S/v(x))dx + / g(x,v), 
m js(v)\k Jn Jh\k 

so that the unilateral minimality property holds. The convergence of bulk energies i|6.1|) is given 
by the convergence £ n {u n ) — > £[u). □ 

Remark 6.3 (stability under er p -convergence). In the case of fixed bulk and surface energy 
densities / and g, Dal Maso, Francfort and Toader JS] proved the stability of the unilateral 
minimality property under er p -convergence for the rectifiable sets K n (see Section \5\ just before 
Corollary 15. 81 for the definition). This result readily follows by Theorem 16. 21 In fact by Corollary 
15.81 we have that if K n tr p -converges in 17 to K, then K is contained in the tr-limit of (K n ) ne -^. 
Since S(u) C K, we get that the unilateral minimality of the pair (it, K) is implied by the unilateral 
minimality of (u,K). 

As mentioned in the Introduction, a method for proving stability of unilateral minimality prop- 
erties nearer to the approach of JH] would be to prove a generalization of the Transfer of Jump 
Sets by Francfort and Larsen |211 Theorem 2.1] to the case of varying energies. The following 
theorem based on the arguments of Section ^provides such a generalization. 

Theorem 6.4 (Transfer of Jump Sets). Let (K n ) n£ ^ be a sequence of rectifiable sets in 17 with 
7i (K n ) < C and K n a-converging in 17 to K. For every v € SBV p (fi) there exists (i> ra )neN 
sequence in SBV P (Q) with v n — v weakly in SBV p (£l) and such that 



n — >+oo 



lim / f n (x,Vv n (x))dx = / f(x,Vv(x))dx 



limsup / g n (x,iy)dTi N 1 (x) < / 

n->+oo Js(v n )\K n Js( 



g{x,u)d'H N - 1 {x). 

IS{v n )\K n J S(v)\K 

Proof. Let (i>„)neN be a recovering sequence for v with respect to (£n)neN defined in l|3.3fl . By 
growth estimates on /„ and g n , and since H Ar_1 (i ; r n ) < C, we get v n — 1 v weakly in SBV p (tl). 
Since no interaction between bulk and surface energies occurs in view of Theorem l4.ll we get that 

lim / f n (x,Vv n (x)) dx = / f(x,Vv(x))dx 

and 

lim / g n (x,iy)dn N - 1 = [ g~(x, v) dW^" 1 < / g(x,iy)dH N - 1 

J S( Vn )\K n JS(v) JS(v)\K 

because g~ = on K, and g~ < g. □ 

7. Stability of unilateral minimality properties with boundary conditions 

In view of the application of Section |S| we need a stability result for unilateral minimality 
properties with boundary conditions. 

Let <9zj!7 C 917. In order to take into account a boundary datum on 9d17, we will use the 
following notation: if u,i/j £ SBV(£l) we set 

(7.1) S*(u) := S{u) U{xE d D 17 : u{x) ^ tp(x)}, 
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where the inequality on <9oft is intended in the sense of traces. 

In order to set the problem, let / n : ft x M. N — > [0, +00 [ be a Caratheodory function satisfying 
the growth estimate H3.1[) . and let g n ■ ft X S N ~ X — > [0, +oo[ be a Borel function satisfying the 
growth estimate (|3.2[) . We consider unilateral minimality properties of the form 



f n (x, Vu„) dx < / f n (x,Vv)dx+ / g n (x 1 v)d7i (x) 
Jn J h\k„ 

for every u 6 >SBP(n) and for every rectifiable set in ft such that S^ n (v) C ff. Here (.ftr n ) n6 N 
is a sequence of rectifiable sets in ft with TC N ~ x (K n ) < C, (it„) n£ n is a sequence in SBV P (Q) with 
S*"(« n ) C K n , i/) n e W^'P(ft) with ^ strongly in W^O), and S^(-) is defined in fHTl . 

In order to treat S^ n (-) as an internal jump and in order to recover the surface energy on Soft 
for the minimality property in the limit, let us consider an open bounded set ft' such that ft C ft' 
and let us consider g' n : ft' x S^ -1 — > [0, +00 [ such that 



g n (x, v) if x € ft, 
/3 + 1 otherwise. 

Let us consider the functionals C/^ : -P(ft') x _4(ft') — > [0, +00] defined by 

G' n (v,A):= [ g' n {x lV )dU N - l {x) 
Js(v)nA 

and let 0' : P(ft') x .A(ft') -> [0, +00] be their T-limit in the strong topology of L^ft'), which 
according to Proposition 13.31 is of the form 

(7.2) G'(v,A) := f g'{x,v)dH N - l {x). 

JS(v)r\A 

We clearly have g'(x,v) = g{x,v) for x S ft, where 3 is the surface energy density defined in 
(13.121) . while it turns out that (see Remark 17^ the surface energy given by the restriction of g' 
to <9ft x S 1 ^^ 1 is completely determined by the functions g n . 
Let us set 

f n (x,Q if x eft, 
a|£| p otherwise, 

and let /' be the energy density of the T-limit of the functionals on W 1,P (Q!) associated to f' n 
according to Proposition ^. II We easily have that 

7(s,0 if z eft, 
a|£| p otherwise. 

Since ft is Lipschitz, we can assume using an extension operator that ipn,^ G W 1,P (M. N ) and 
ip n -> ip strongly in W 1,P (R N ). 

Before stating our stability result, we need the following T-convergence result, which is a version 
of Theorem 14. II taking into account boundary data. 

Lemma 7.1. Let (K n ) n ^ be a sequence of rectifiable sets in ft such that H ^{K^) < C. Let 
us assume that the functionals 

= (J QI f' n {x,Vv{x))dx + f smKn g , n (x,u)dH N - 1 (x) ifve SBV p (n>), 
1 +00 otherwise 

Y -converge in the strong topology o/L 1 (ft / ) according to Theorem ^. 1\ to 

E\v) ■= V™ f'( x >Vv(x))dx + ! s{v) g'-{x,v)dH N -\x) if v e SJJF(Sl'), 
1 +00 otherwise. 
Then we have that the functionals 

£/ ,s , = \£'ni v ) if v = V>n on ft' \ ft, 
I +00 otherwise 
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T-converge in the strong topology of L 1 (f7 / ) to 

£'{v) : 



£'(v) ifv = tponfl'\n, 
+00 otherwise. 



Proof. Let v G SBV p (fl') with v = ^ on O' \ O, and let (iv)nGN be a recovering sequence for v 
with respect to the functionals £' n . We have that 

(7.3) Vv n -► W strongly in L p (f2' \ Q; M w ), 
and 

(7.4) W J, - 1 (%)n(f!'\fi))^0. 

In fact we have that for all U G .A(fi') such that U C fi' \ H and £ '(«, 9[7) = 

Vw„ -> VV> strongly in L P (U; R N ), 

and 

(7.5) H JV " 1 (s*K)nc/)^o. 

Let e > and let us consider an open set V G A(fl') such that dft C V, £'(v,dV) = 0, 
Ivnn l ai l dx < e (ai is defined in 

(7.6) / f{x,Vv{x))dx < e and / f(x, Vtp(x)) dx < e. 



Then for n large (no interaction between bulk and surface part occurs) we have 

(7.7) / f' n (x, Vv n (x))dx<e. 

Jv 

Notice that 

/ _\Vv n -Vip\ p dx= I \Vv n -V^\ p dx + I _\Vv n -V*l>\ p dx 

Jn>\n Jn'\(nuv) Jv\n 

2P-1 r 2 P ~ 1 



</ |Vu„- V^\ p dx + &(x,Vv n (x))+f'(x,Vil;(x))dx + / 2\ ai \dx. 

Jn'\(nuv) a Jv a Jvnn 

Since Vv n -> strongly in L p {fl' \ (fi U V)]R N ), because of (SU and lfT7| . and since e is 
arbitrary, we get that (|7.3Jl holds. 

Let us come to (|7.4|l . Up to a subsequence we have 

M „ := H N ~ l L(S(v n ) n (fi' \ fi))) (i weakly* in M b (fl'). 

In view of (|7.5|l . in order to prove l|7.4ll it is sufficient to show that /i(<9fi) = 0. Let us assume by 
contradiction that /i(dfi) ^ 0: then there exists a cube Q p of center x G <9fi and edge 2p such that 
£'(v,dQ p ) = and 

(7.8) M (Qp) > 0- > 0. 

Up to a translation we may assume that x — 0, and moreover we can assume that 
fi n Q p = {(a/, y) : x' G (-p, p), y G (-/>, ft(a/))}i 

where (x',y) is a suitable orthogonal coordinate system and ft, is a Lipschitz function. Let 77 > 
be such that setting 

V v :={(x',y) :x' G (-p,p), ye (h(x') - rj, h(x') + V )} 
we have C Q p , and £'(«, <9U,,) = 0. Let us set 

V- :={(x',y)eV r ,:y<h(x')} and V+ := {(a:', y) G V„ : y > h(x')}. 
By <|7.8|) we have that for n large 

(7.9) n N - 1 (S(v n )nv+) >a. 
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Let v be the function defined on obtained reflecting v^ v + to V v : more precisely let us set 

i= [v{x',y) if (x',y) e V+, 

\v(x',2h(x')-y) if(x',y)eV-. 

We clearly have v e W 1 ^^). Let v n be obtained in the same way from {v n )^ v +. Let us consider 

w„ - v n . 

We have w n — v w weakly in SBV v iy r) ) so that by lower semicontinuity given by Proposition 14.31 
we get 



(7.10) / g'-{x,v)dH N - 1 {x) < liminf / g' n {x,v)dH N - 1 {x). 

JS(v)nV n rw+oo J(S(w n )\K n )nV v 

On the other hand, since £'(v, dV^) = 0, we have that v n is a recovering sequence for v in V n . In 
particular we get that 

(7.11) / g'-(x,v)dH N - 1 (x)= lim / g' n (x,v)dH N - 1 (x). 

Js(v)nv n n ^+ 00 J(sK l )\if„)nv, 

Formulas l|7.10|> and (|7.11() give a contradiction because for n large by (|7.9(l and since K n C f2 and 
£(«;„) C n n Q p (recall that g' n (x, v) = /3 + 1 for x e fl' \ Q) 

ff„(a;, z/) eW^" 1 (a;) - / ff „(x, u) dn N ^{x) > a. 

{s(v n )\K„)nv v J(s(w„)\K n )nv n 

We conclude that (|7.4|l holds. 

We are now in a position to prove the L-limsup inequality for £' n and £' (the T-liminf is 
immediate from the T-convergence of £' n to £' and the fact that the constraint is closed under the 
strong topology of L x {ft)). Let e > 0, and let U € .A(Q') be such that OQ C J7, £'{v,dU) = 0, 
and 



(7.12) / /(x,V«) 

J(7 



dx < e. 

u 



In view of (|7.3|) and 17.4|l we can find ip„ E SBV' p (Cl') such that ip n — 4>n — v n on fi' \ 12, = 
on Q \ U and 

(y9„ — > strongly in i 1 (fi'), 
V^„ -> strongly in L p (fl'; R N ), 
H N ~ 1 (S(ip n )) -» 0. 

Let us consider 

«n := l>n + Vn- 

We have v n = ip n on O' \ CI. Moreover 



limsup / g' n (x , v) dH N 1 =limsup / g' n (x,u 

n->+oo JS(v n )\K„ n->+oo J S(v n )\K„ 

and using the growth estimate on f' n 



N-l 



lim sup 

n — >+oo 



fn(x,Vv n (x))dx - / fn(x, Vv n (x)) dx 



< limsup / f n (x,Vv n (x)) + f„(x,Vv n (x))dx 

n—t+oo JunQ 



< limsup / a2(x)dx+( hi) / f n (x,Wv n (x)) dx 

• f \a 1 \dx + 2 p ~ 1 [ \Vip n \ p dx. 
Ju Ju 



2 p-i 
a 
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By <rn"2|l we get 

limsup / f n (x, Vv n (x)) dx < e. 

n— »+oo Jjj 

Then we conclude 



lim sup 

n — >+oo 



f' n {x,Vv n (x))dx ~ / f' n {x,Vv n {x))dx 



< e(e), 



with e(e) — * as e — * 0. We deduce that 



limsup£'(u„) < £'{v) + e(e), 

n — >+oo 

with e(e) — ► as e — ► 0. Since e is arbitrary, using a diagonal argument we have that the T-limsup 
inequality is proved. □ 

Remark 7.2. In view of Lemma [7.11 we can prove that the surface energy determined by the 
restriction of g' to dft is actually independent of the choice of f2' and of the constant value d of 
g' n on O' \ Q provided that d > (5. In fact g' is the density of the surface energy of the T-limit in 
the strong topology of of the functionals on SBV p (Cl') defined as 

f: i (x,Vv(x))dx+ [ g' n {x,v)dH N -\x). 

JW JS(v) 

Following the proof of Lemma \7. II ffor the functionals £' n with K n = 0), if v = ip outside Q, we 
can find (i>n)neN recovering sequence for v with respect to (£' n ,fl',d) such that v n = ip n outside 
Q. Then if f2" is an open set such that $1 C O" we have that (v n )\n>nn" is a recovering sequence 
also for (£' n , f2" fl fi', d'), and we have 



/ g'{x,v)dH N - 1 = lim / g n {x,v)dH N - ] 



We deduce that the surface energy given by the restriction of g' to x S N 1 is determined only 
by the g n :Qx S N - 1 -> [0, +00]. 

The stability result for unilateral minimality properties with boundary conditions under o~- 
convergence in Q, for rectifiable sets (see Definition I5.1l)fl and T-convergence of bulk and surface 
energies is the following. 

Theorem 7.3. Let ip n £ W 1,p (fl) with ip n — > ip strongly in W ' p (Cl). Let (u„) nS N be a sequence 
in SBV p (fl) with u n u weakly in SBV p (fl), and let (K n ) n ^ be a sequence of rectifiable sets 
in with Tt N ~ 1 (K n ) < C, such that K n a-converges in to K, and S^"(u n ) QK n . 

Let us assume that the pair (u n ,K n ) satisfies the unilateral minimality property J7J) with respect 
to f n , g n and ip n - Then (u,K) satisfies the unilateral minimality property with respect to f, g 
and ip, where f is defined in (|3.10() and g is the restriction of g' defined in (|7.2|l to fl x S N ~ l . 
Moreover we have 



lim / f n (x,Vu„(x))dx = / f(x,Vu(x)) dx. 
n->+oo J n J n 

Proof. Since the boundary datum ip n is imposed just on dofi, we can consider diyfl '■= dfl \ 

as part of the cracks, that is we can replace in the unilateral minimality properties K n with 

K' n := K n U d N n. 

It is easy to prove that K' n cr-converges in Vl to KUdN^i. Then the proof follows that of Theorem 
16.21 employing the functionals (5^)nGN defined in Lemma IV. II with K' n in place of K n . □ 
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8. QUASISTATIC EVOLUTION OF CRACKS IN COMPOSITE MATERIALS 

The aim of this section is to apply the stability results of Section[7|to the study the asymptotic 
behavior of crack evolutions relative to varying bulk and surface energy densities f n and g n . As 
mentioned in the Introduction, this problem is inspired by the problem of crack propagation in 
composite materials. We restrict our analysis to the case of antiplanar shear, where the elastic 
body is an infinite cylinder. 

Let us recall the result of Dal Maso, Francfort and Toader ^21 about quasistatic crack evolu- 
tion in nonlinear elasticity: it is a very general existence and approximation result concerning a 
variational theory crack propagation inspired by the variational model introduced by Francfort 
and Marigo in [22]. As already said, we consider the antiplanar case and for simplicity we neglect 
body and traction forces, and so we adapt the mathematical tools employed in JS] to this scalar 
setting. 

As in the previous sections, let SI C M. N (which, for N — 2 represents a section of the cylindrical 
hyperelastic body) be an open bounded set with Lipschitz boundary. The family of admissible 
cracks is the class of rectifiable subsets of SI, while the class of admissible displacements is given 
by the functional space SBV p (Vl), where 1 < p < +oo. Let SdSI be a subset of dCl. Given 
tp £ iy 1,p (Sl), we say that the displacement u is admissible for the fracture K and the boundary 
datum tp and we write u £ AD{t]j, K) if S(v) C K and v = tp on do^\K . This can be summarized 
by the notation S^(u) C K, where S^(-) is defined in (£3 - 

Let f(x,£) : SI x — * [0, +oo[ be a Caratheodory function which is convex and C 1 in £ for 
a.e. x £ SI, and satisfies the growth estimate 

(8.1) ai (x) + a\t\* < f(x,0 < a 2 (x) + 

where a\,a 2 £ L}{£t) and a, (3 > 0. Let moreover g : SI x — > [0, +oo[ be a Borel function 
such that 

(8.2) a<g(x,v)<0. 
The total energy of a configuration (u, K) is given by 

£{u,K) := / f{x,\7u(x))dx + [ g(x,iy)dH N - 1 (x). 
Jn Jk 

We will usually refer to the first term as bulk energy of u and we write 

£ b {u) := I f(x,Vu(x))dx, 

while we will refer to the second term as surface energy of K and we write 

£ S (K) := [ g(x,u)dH N - 1 (x), 
Jk 

Let us consider now a time dependent boundary datum tp £ W ' ([0, T]; W ' P (0)J (i.e. the 
function t — * ip(t) is absolutely continuous from [0, T] to the Banach space W /1,p (0), with summable 
time derivative, see for instance J3j), such that for all t £ [0, T] 

(8.3) IM*)IU-(n) < C. 

In |18| Dal Maso, Francfort and Toader proved the esistence of an irreversible quasistatic crack 
evolution in SI relative to the boundary displacement tp, i.e. the existence of a map t — > (u(t), K(t)) 
where u{t) £ AD(tp(t), K(t)), ||u(t)||x,oo(n) < H^WHoo and such that the following three properties 
hold: 

(1) irreversibility: K{t\) C K(t 2 ) for all < t x < t 2 < T; 

(2) static equilibrium: S(u(0),K(0)) < £(v, K) for all (v,K) such that v £ AD{tp(0),K), and 

£{u{t),K{t)) < £{v, K) for all K{t) CK,v£ AD(tp(t), K); 
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(3) energy balance: the function t —* £(u(t),K(t)) is absolutely continuous and 
j t £{u{t), K(t)) = J V 6 f(x, Vu(t))V#) dx, 

where tp denotes the time derivative of t — > ip(t). 

For every n € N let us consider admissible bulk and surface energy densities f n : x R N — > M 
and g n : fix S 1 ^^ 1 — > [0, +oo[ for the model of ^B] satisfying the growth estimates (f H . 1 1) and (|8.2[) 
uniformly in n. Let us moreover assume that /„ is such that for a.e. x € Q and for all M > 

(8-4) \Vdn(x,&) - V*/„(s,£)| -> 

for all suc h that < M < M and |£* - f£| -> 0. We denote by £ n , £ b n and £ s n the 

total, bulk and surface energies associated to /„ and g n . 

Let / and g be the effective energy densities associated to /„ and g n in the sense of Theorem 
17.31 i.e. let / be given by Proposition 13 . II and let g be the restriction to O x S ,JV_1 of the function 
g' defined in H7.2|) . Notice that by Theorem 12.51 we have that the function f(x, •) is C 1 : as it is 
also convex in £ and satisfies the growth estimate 1|> . we have that / and g are admissible bulk 
and surface energy densities for the model of |18| . 

Let t — > ip n (t) be a sequence of admissible time dependent boundary displacements satisfying 
(|8.3() and such that 

ip n -> V strongly in W 1 ' 1 ([0, T], W hp {Q)j . 

Let t — > (u n (t), K n (t)) be a quasistatic evolution for the boundary datum ip n relative to the energy 
densities /„ and g n according to ^H]. The main result of this section is the following Theorem 
which asserts that the er-limit in fi of K n (t) (see Definition I5.1U|) still determines a quasistatic 
crack growth with respect to the energy densities / and g. 

Theorem 8.1. There exists a quasistatic crack growth t — > (u(t),K(t)) relative to the energy 
densities f and g and the boundary datum ip such that up to a subsequence (not rabelled) the 
following hold: 

(1) for allte [0,T] 

K n (t) a-converges in Q to K(t), 
and there exists a further subsequence ( depending possibly on t) such that 

u„ k (t) — v u(t) weakly in SBV p (fl); 

(2) for every t € [0, 1] we have convergence of total energies 

£ n (u n {t),K n (t)) -> £{u{t),K{t)), 

and in particular separate convergence for bulk and surface energies, i.e. 

£ h n {u n (t))^£\u(t)) and £ s (K n (t)) -> £ s (K(t)). 

Proof. Notice that by the energy balance condition for t — > (u n (t), K n (t)) and by growth estimates 
on /„ and g n we have that there exists a constant C such that for all t € [0, T] and for all n 6 N 

(8.5) \\Vu n (t)\\P +H N -\K n (t)) + \\u n (t)\\ L ~ (n) <C. 

We divide the proof in several steps. 

Step 1: Compactness for the cracks. In view of Q8.5p . using a variant of Helly's theorem 
(see for instance Theorem 6.3] for the case of Hausdorff converging compact sets), we can 
find a subsequence (not rabelled) of (K n (-)) ne fj and an increasing map t — » K(t) such that K n (t) 
cr-converges in fl to K(t) for all t £ [0, T]. 

Step 2: Compactness for the displacements. Notice that the sequence (u n (£))neN is relatively 
compact in SBV P (Q) by Q8.5p . We now want to select a particular limit point of this sequence. 
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With this aim, let us consider 



n (t):= Vtf n (x,Vun(t))Vip n (t)dx and := Km sup #„(*)• 

Jn n— >+oo 

Let us see that there exists u(t) S SBV p (Vl) such that 

(8.6) #(*)= / V 6 f(x,Vu{t))Vi>(t)dx 

Jn 

and 

(8.7) «„„(*)->•«(*) weakly in SW P (ft) 

for a suitable subsequence rik depending on t. In fact let us consider a subsequence rik such that 

tf(t)= Urn / V ? /(x,Vu„,(t))V^„ fc (i)dx, 

fc^+OO Jjj 

and 

u„ fc (i) u weakly in SW p (ft). 
By static equilibrium for (u n (t), K n (t)) we have that 

f nh (x, Vu nk (t))dx < / f nk (x, Vv(x)) dx + / g n (x,v)dH N ~ 1 (x) 
Jn JH\K„ k (t) 

for all v E AD(-4) nk (t), H) with K nk (t) C ff. Then by Theorem O we get that 

f(x,X7u)dx< I f(x, Vv{x)) dx + I g{x,v)dH N - x {x) 
Jn J H\K(t) 

for all v e AD(rp(t),H) with K(t)CH and 

/ fn k (x, Wu nk (t))dx — > / f(x,Wu)dx. 

Jn Jn 

We claim that 

(8.8) lim / V e f nk (x,Vu nk (t))V^dx= [ V € /(ar, Vu)V$da; 

for all $ € W /1,p (r2). This has been done in ^3 Lemma 4.11] in the case of fixed bulk energy, 
and our proof is just a variant based on the T-convergence results of Section 0] and on assuption 
(|8.4|) which permit to deal with varying energies. Let us consider Sj \ and kj — > +oo: up to a 
further subsequence for kj we can assume that 

f /(x,Vw(x) + s 7 -V$(x)) - f(x,Vu(x)) , 1 [ „ f , „ , s _ , 

/ — — — — y -^dx~-< / V s f rik (x,Vu nk (t) + Sj V$)V<i>dx 

Jn s 3 J Jn 3 3 

where Sj € [0,Sj]. This comes from lower semicontinuity for bulk energies under T-convergence 

given by Proposition ^. 31 and by Lagrange's Theorem. By Lemma T2. 41 we have 

liminf / Vf/ n(t . (x, Vu„ fe . (t) + s i V$)V$ dx = liminf / V 5 /„ fc . (x, Vu„ fc . (t))V$ cix, 

j^+oo J n i J j'->+oo J n J J 

so that we get 

/ V e /(x, Vu)V$dx < liminf / V ? /„ fc (x.Vit„ fc (t))V$dx. 

Changing $ with — $, we get that (|8.8|l is proved: setting u(t) := u we deduce that (|8.6|) and (|8.7|l 
hold. 



Step 3: Conclusion. Let us consider t — > (u(t),K(t)) with u(t) and ^f(i) defined in Step 2 
and Step 1 respectively. In order to see that t — > (u(t),K(t)) is a quasistatic crack evolution we 
have to check the admissibility condition u(t) e AD(tp(i), K(t)) for all t, and the properties of 
irreversibility, static equilibrium and energy balance conditions with respect to / and g. 

As for admissibility, this is guaranteed by 1)8. 7f) and by Proposition 15.71 which ensures that 
S^M (u(t)) C K"(t). Irreversibility is given by construction in Step 1, and staiic equilibrium comes 
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from JSJl for t € (0, T], and by Lemma l7.1l fwhere we take K n = 0) for t = 0. As for energy balance, 
we have that static equilibrium implies that (see |18|1 for all t € [0,T] 

£{u{t),K(t)) > £(u(0),K(0)) + [ [ V ? /(a;,Vtt(r))V^(r)drcdr. 

Jo 

On the other hand by lower semicontinuity given by Proposition ^. 3l and by Proposition l5 . 61 (applied 
to g' from which g is obtained by restriction) we have for all t £ [0, T] 

£(u(t),K(t)) < \imM £ n (u n (t),K n (t)), 

n — *-+oo 

and by T-convergence given by Lemma 17. II f where we take K n = 0) 

£(u(0),K(0))= lim £ n (u n (0),K n (0)). 

n — >+oo 

Hence we get for all t S [0, T] (applying also Fatou's Lemma in the limsup version) 
£{u{t),K{t)) < limivf £ n (u n (t),K n (t)) < limsupf„(u„(i), K n {t)) 

n-»+oo rw+oo 

= limsup£ n (u„(0), #„(()))+ f ti n (s)ds<£(u(0),K(0))+ [ $(s)ds 

n^+oo Jo JO 

= £(u(0),K(0))+ [ [ V s f(x,Vu(T))Vip(r)dxdT<£(u(t),K(t)), 



so that we get 



and 



o Jn 



£(u(t),K(t))=£(u(0),K(0))+ / / V£/(z,Vu(-r))VV>(T)dxdT 

Jo Jo. 



lim £ n (u n {t), K n (t)) = £(u(t), K{t)). 

n — *+oo 



Finally by lower semicontinuity for the bulk and surface energies under weak convergence for the 
displacements and a- convergence in f2 for the cracks, we conclude that 

lim £hu n (t)) = £ b (u(t)) and lim E'lKJt)) = £ s (K(t)), 

n — >+oo n — >+oo 

so that the theorem is proved. □ 

Remark 8.2. Following the arguments of preceding proof, it turns out that Theorem 18.11 also 
holds in the following discretized in time version, which is closer in spirit to the approach of 
Francfort and Marigo |22| to quasistatic crack propagation, and of the subsequent papers on the 
subject (HI, P2], [IB], PI], HI], HIl and El). 

Let < to < ■ ■ ■ < t s h — T be a subdivision of [0,T] with step 5 > 0, and let {u} n ,K l S n ) be 
such that 

(«U K U G ar S min {£» + £n(K) : u G AD(i/>(tf), K), K^ 1 C K}, 

where we set :— 0. Let S n — > 0, and let t — » (u n (t), K n (t)) be the discretized in time evolution 
defined as 

Un(t) := K n {t) := i^„, 4 < t < 4, 

with u n (T) := u% n<n and K n (T) := K h K n . 

Then there exists a quasistatic crack growth t — > (it(£), K(t)) relative to the energy densities / 
and g and the boundary datum ip such that, up to a subsequence (not rabelled), points (1) and 
(2) of Theorem IO hold. 

Remark 8.3. Notice that for all t £ [0,T] K n (t) converges to K{t) also in the sense of <r p - 
convergence by Dal Maso, Francfort and Toader dE] ( see Sectional just before Corollary 15.81 for 
a definition). In fact, by compactness of <r p -convergence, up to a further subsequence we have 
that K n (t) <j p -converges to some K(t); by Corollary 15.81 K(t) is contained in K{t) so that the 
pair (u{t),K{t)) is a unilateral minimizer with respect to / and g. Following Step 3 we obtain 
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that £ s n {K n {t)) -> £ s {K{t)), which together with £°(K n (t)) -> £ s {K(t)) implies K(t)=K{t) for 
all t e [0,T]. 

We conclude that in order to deal with the study of the asymptotic behavior of quasistatic crack 
growths the notion of cr-convergence and a p -convergence of rectifiable sets are equivalent. Notice 
however that, as pointed out in the Introduction, in order to handle the problem using directly 
the tool of <7 p -convergence one would have to prove a Transfer of Jump Sets like our Theorem l6.4l 
which seems difficult to be derived without any T-convergence argument. 
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